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Magnetic fields play a crucial role in many astrophysical scenarios and, in particular,
are of paramount importance in the emission mechanism and evolution of Neutron Stars
(NSs). To understand the role of the magnetic field in compact objects it is important to
obtain, as a first step, accurate equilibrium models for magnetized NSs. Using the con-
formally flat approximation we solve the Einstein’s equations together with the GRMHD
equations in the case of a static axisymmetryc NS taking into account different types of
magnetic configuration. This allows us to investigate the effect of the magnetic field on
global properties of NSs such as their deformation.
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1. Introduction
Neutron Stars (NSs) are the most compact object of the universe that are en-
dowed with an internal structure, they can rotate very fast and harbour very strong
magnetic fields, up to 1016 G for magnetar. Such type of magnetic fields are respon-
sible for the phenomenology of many NSs like Anomalous X-Ray Pulsars and Soft
Gamma Repeater and they are invoked in the millisecond magnetar model for Long
and Short Gamma Ray Bursts1,2. Finally strong magnetic field could deform the
NS structure leading, together with rotation, to gravitational wave emission.
Here we present our work on equilibrium model for magnetized NSs. Until now
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only simple configurations of purely poloidal3 or purely toroidal magnetic fields4,5,
have been investigated in full GR. However more realistic magnetic configuration,
the so called Twisted-Torus (TT), require the presence of both poloidal and toroidal
magnetic field. Lately TT models have been obtained either in the Newtonian regime
6 or using a perturbative approach7,8,9. Here we present a study (including TT cases)
done in full GR and for strong deformations.
2. Assumptions for the equilibrium model
In this work we consider only static stars (magnetar are typically slow rotators). We
assume axisymmetry, ideal MHD, and a simple polytropic equation of state. The
metric is assumed to be conformally flat (CFC), such that in spherical coordinates:
ds2 = −α2dt2 + ψ4(dr2 + r2dθ2 + r2 sin θ2dφ2), (1)
where α is the lapse function, and ψ is the conformal factor. This approach allows
us to simplify the Einstein’s equations, cast them in a numerically stable form and,
as a consequence, handle stronger fields and deformations that in a perturbative
approach can not be obtained, without compromising the accuracy of our results
as we will discuss. With this approximation the Eistein’s equations reduce to the
following Poisson-like equations:
∆ψ = −[2piψ6(e +B2/2)]ψ−1, (2)
∆(αψ) = [2piψ6(e+B2/2) + 2piψ6(6p+B2)ψ−2](αψ), (3)
where ∆ is the standard Laplacian operator in spherical coordinate while e, p and Bi
are respectively the energy density, the pressure and the magnetic field as measured
in the lab frame.
The equations of the static MHD give the Euler equation which, in the hypothe-
ses of a polytropic EOS, can be integrated to obtain the equilibrium condition:
ln (h/hc) + ln (α/αc)−M = 0, (4)
where h = (e + p)/ρ is the specific enthalpy, ρ the rest mass density, c denotes
central values, and M is related to the Lorentz force by Li = ρh∂iM. In the case
of a purely poloidal magnetic field the integrabilitity of Euler equation requiresM
to be a function of the fluid quantities ρ and h and the metric functions ψ and α.
When also a poloidal magnetic field is present the solenoidality condition for the
magnetic field together with axisymmetry allows to rewrite the poloidal components
of the magnetic field in terms of derivative of only the φ-component of the vector
potential Aφ while the toroidal component Bφ is related to Aφ by means of a scalar
function I. Finally the metric and fluid quantities are related to the magnetic flux
function Aφ by the Grad-Shafranov equation:
∆˜3
Aφ
r sin θ
+
∂Aφ∂ ln(αψ
−2)
r sin θ
+ ψ8r sin θ
(
ρh
dM
dAφ
+
I
α2ψ4r2 sin2 θ
dI
dAφ
)
, (5)
where ∆˜3 is the φ
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3. Numerical Method
The complete algorithm of the metric solver is fully presented in Ref. 10 (see also
Ref. 11). The metric Eqs. (2) (3) and the Grad-Shafranov Eq. (5) are solved it-
eratively, because of non-linearity, exploiting a semi-spectral method: we decouple
the radial and angular dependency of the unknown function α, ψ and Aφ using
scalar and vector spherical harmonics. Equations are reduced to a set of ordinary
differential equations for each harmonic that is solved with a direct inversion of
a tridiagonal matrix. In all our models we have used 20 spherical harmonics for
the elliptic solvers and discretized the domain r = [0, 30] km, θ = [0, pi], with 250
points in the radial direction and 100 point in the angular one. At this resolution
the accuracy of our results are of the order of 10−3.
4. Results
With appropriate choices ofM and I it is possible to obtain either purely toroidal,
purely poloidal and mixed field configurations. A comparison between these mag-
netic configuration are shown in Fig. 1. In our models the toroidal magnetic field is
always buried under the surface of the star while the poloidal magnetic field extends
smoothly outside the star. In TT configurations the toroidal component does not
pervade all the interior of the star but remains confined in a small ring-like region
where the poloidal component vanishes.
A purely toroidal magnetic field induces a prolate deformation while a purely
poloidal one causes an oblate deformation of the star. In the TT configuration the
poloidal field, usuaklly dominant over the toroidal one, leads to oblate configura-
tions. We found that the deformation is dominated by the field in the central region
and is less sensible to peripheral magnetic fields and currents. We built equilibrium
sequences and explored the parameter space of the different magnetic configurations.
The main results obtained are:
• the characteristic deformation induced by purely toroidal field is prolate: the mag-
netic stresses act concentrating the central layers of the star around the magnetic
axis and causing an expansion of the outer layers;
• a purely poloidal field leads to an oblate deformation, concentrating the core
region in a disk-like region orthogonal to the axis. In the most extreme cases we
can also obtained torus-like density distributions;
• magnetic fields and current concentrated in the outer region have only marginal
effects on the stellar structure;
• CFC results are in agreement with those obtained in the correct regime 4,5,3;
• in the TT configuration, that we have obtained for the first time in the fully non-
linear regime, the toroidal magnetic field is sub-dominant, and the deformation
is due to the poloidal one that acts deeper inside the star;
• more compact configurations, with higher central rest mass density, can sustain
higher magnetic field but exhibit minor deformations.
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Fig. 1. Magnetic field strength (top row), and density distribution (bottom row) for: a purely
toroidal (left), a purely poloidal (central) and TT (right) magnetic configuration with M0 =
1.680M⊙. Contours in the poloidal and TT case (upper panels) represents magnetic surfaces. The
blue line is the stellar surface.
